Complex Analysis Midterm 1 February 11, 2026

Midterm Exam

Instructor: Guido Mazzuca

Name: Version: O UG 0OG

Instructions

e Undergraduate: Complete Exercises 1-4. Graduate: Complete Exercises 1-5.
e Show all work clearly.

Reference: Definitions

Cauchy-Riemann Equations: If f = u + iv is differentiable, then u, = v, and u, = —v,.

Harmonic Conjugate: v is the harmonic conjugate of u if Au = 0, Av = 0, and they satisfy C-R
equations.

Exercise 1

Consider the equation 23 = 8.

(a) Find all complex solutions in exponential form.

(b) Sketch the roots in the complex plane.

(c) Factor P(z) = z3 — 8 into polynomials with real coefficients.
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Exercise 2

Compute the limits. If one does not exist, show why using two paths.

2
4
(a) lim Gl

22 2 — 21

(b) Tim T0E)

z—0 z
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Exercise 3
Let z=1—1.

(a) Write z in exponential form.

(b) Compute z'° and express the answer in the form 7(cos(6) + isin(6)).
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Exercise 4
Consider u(z,y) = 22 — y? — 2y.

(a) Verify that u(z,y) is harmonic.

(b) Find the harmonic conjugate v(z,y) such that f = u + v is analytic.

(c) Bonus: Write f(z) explicitly in terms of z.
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Exercise 5 - Graduate Only
Proposition: If v is the harmonic conjugate of u, then —u is the harmonic conjugate of v.

(a) Verify the previous statement.



